In this work, we theoretically study the cavity modes with transverse orbital angular momentum in metamaterial ring based on transformation optics. The metamaterial ring is designed to transform the straight trajectory of light into the circulating one by enlarging the azimuthal angle, effectively presenting the modes with transverse orbital angular momentum. The simulation results confirm the theoretical predictions, which state that the transverse orbital angular momentum of the mode not only depends on the frequency of the incident light, but also depends on the transformation scale of the azimuthal angle. Because energy dissipation inevitably reduces the field amplitude of the modes, the confined electromagnetic energy and the quality factor of the modes inside the ring are also studied in order to evaluate the stability of those cavity modes. The results show that the metamaterial ring can effectively confine light with a high quality factor and maintain steady modes with the orbital angular momentum, even if the dimension of the ring is much smaller than the wavelength of the incident light. This technique for exploiting the modes with optical transverse orbital angular momentum may provides a unique platform for applications related to micromanipulation.
Introduction
Optical angular momentum, which can be separated into spin and orbital parts of light, plays a key role in many fundamental and applied researches [1, 2] . It has been recognized that the spin angular momentum along the propagation direction depends on the degree of the circular polarization of a light beam, such findings were revealed in the pioneering works by Poynting [3] , and the first experimental evidence was provided by Beth [4] . In 1992, the orbital angular momentum (OAM) of the Laguerre-Gaussian (LG) beam was investigated by Allen et al. [5] , which launched a new era of angular momentum studies in optics. The research indicated that a beam with a helical wave front, characterized by a phase of exp(ilθ) (which depends on the azimuthal angle θ and the topological charge l), has a momentum component along the azimuthal direction resulting in an OAM of per photon along the beam axis. Since then, optical OAM has grown into a large research field with numerous applications in related to the manipulation of atoms [6] and small particles [7] , classical [8] or quantum communication [9] , imaging [10] , and biophysics [11] . In order to satisfy the needs of various applications, techniques for efficiently generating optical beams carrying OAM are always required. Current schemes for the generation of beams carrying OAM include computer-generated holograms [12, 13] , spiral phase plates [14] , spatial light modulators [15] , and siliconintegrated optical vortex emitters [16] . Recently, with the technological developments in the fabrication of various nanostructures [17, 18] , metasurface with special nanostructure have been designed to produce helical beams [19] . Furthermore, the compact metamaterial slab, which can precisely convert the wave front of an arbitrary incident beam into a helical one, has been proposed via transformation optics [20] , enabling the output beam to carry the desired OAM.
However, the aforementioned OAM of light that is carried by the helical beam is almost entirely longitudinal; in other words, the OAM is parallel with the propagation direction of the beam. That is because the light beam not only has a momentum component along the azimuthal direction but also has the momentum component along the beam axis. However, transverse OAM of light [21] has not yet been widely studied, as opposed to the longitudinal one. Nevertheless, pure transverse OAM is familiar to us because it appears in classical mechanical system: for example, in the form of a rolling wheel that rotates around an axis perpendicular to the rotational plane. For a massless optical system, it has recently been shown that transverse OAM can be also created using a ring resonator surrounded by a group of nano-rods [21] . Pure transverse OAM of light is especially beneficial in manipulating particles into orbital motion in a two-dimensional plane. This is different from the case of the traditional longitudinal OAM, wherein an additional force is required to balance the radiation force along the propagation direction of the light, owing to the existence of the linear momentum component. However, when the particle size is smaller than the wavelength, it is necessary that the transverse OAM of light induces in subwavelength volume beyond the diffraction limit in order to efficiently trap and manipulate the small particle [22] . Therefore, the investigations on the modes with pure transverse OAM in subwavelength devices are of great significance for manipulation of small particle. In this work, we will theoretically study the cavity modes with transverse OAM in a subwavelength-ring based on transformation optics approach.
As a means of designing complex media that can brings about unprecedented control of electromagnetic fields, transformation optics has attracted much attention recently [23] [24] [25] [26] [27] [28] [29] . The basic idea lies in converting a geometric distortion of virtual space into a material distribution (e.g., permittivity and permeability) in real space to guide electromagnetic waves along a predesigned trajectory. This technique has been employed to produce unconventional and novel devices, such as invisibility cloak [23] [24] [25] [26] Here, we study the cavity modes with transverse optical OAM in a metamaterial ring via azimuthal coordinate transformation. The metamaterial ring is designed to manipulate the light propagation along the ring by enlarging the azimuthal angle, effectively presenting the modes with transverse orbital angular momentum. First, we theoretically derive the modes with the optical transverse OAM in the metamaterial ring. The theoretical results show that the magnitude of the transverse OAM not only depends on the frequency of the incident light, but also depends on the transformation scale of the azimuthal angle. Next, full-wave simulations are employed to verify the theoretical results by calculating the magnetic field distributions of the different modes in the ring. Finally, because the persistent propagation of the light in the ring is significantly limited by energy dissipation, the confined electromagnetic energy and the quality factor (Q factor) of the modes inside metamaterial ring are studied in order to evaluate the stability of the modes with OAM. In this way, the modes with pure transverse OAM in a metamaterial ring could applied to find immediate and interesting applications in small particle manipulation.
Theoretical model and analysis
In order to study the modes with the transverse OAM inside a metamaterial ring, we first calculate the electromagnetic field distribution of the system by solving Maxwell's equations. Figure 1 (a) shows schematically a device that consists of a hollow cylinder with an inner radius R 1 and an outer radius R 2 . The inner region i and the surrounding region iii of the hollow cylinder correspond to free space. However, the interlayer (blue region ii) is filled with the metamaterial. In this paper, we assume that the hollow cylinder extends infinitely along the z-axis. Furthermore, because the system is cylindrically symmetric, cylindrical coordinates are used below. Without loss of generality, we consider the transverse magnetic (TM) polarization wave, which the magnetic field polarized along the z-axis. The time-harmonic solution can be written as
where ω is the angular frequency. ℜ represents the spatial location in cylindrical coordinates, r and θ represent the radial and azimuthal components, respectively. ẑ is a unit vector in the z direction. Inside regions i and iii, Maxwell's equations can be combined into the free-space Helmholtz's equation for the magnetic field. By using the separation of variables technique, the equations of the radial and angular component can be written as:
wherein k 0 = ω / c represents the vacuum wavenumber. χ is an arbitrary constant. Solving the second order differential equations, the magnetic fields are given by considering the finite energy in region (i) and the Sommerfeld radiation condition in region (iii), as follows: In order to calculate the field distribution in the region ii by solving Maxwell's equations, we need to obtain the constitutive parameters of the metamaterial that fills in the interlayer. These constitutive parameters can be derived from the coordinate transformation. Figure 1(b) shows the xy-plane of the free space. The materials of regions i, ii, iii are vacuum. The plane wave with TM polarization propagates along the straight line through the lower part of the ring region in the free-space. However, when performing the azimuthal coordinate transformation in region ii, a circulating mode is excited in the interlayer for the same incident plane wave due to enlargement of the azimuthal angle as shown in Fig. 1(c) . The azimuthal coordinate transformation from the free space in Fig. 1(b) to the transformation space in Fig.  1(c) for the region ii can be written as
leaving the radial and z-axes unchanged. Here, n represents the transformation scale of the azimuthal coordinate. Intuitively, once the incident light enters into the transformation region from the lower part of the metamaterial ring, the light is trapped and circulates in the metamaterial ring around the z-axis; then the light is released and recovers the original straight path after n turns. According to transformation optics [23] , under a space transformation from the free space to transformation space, the permittivity ε′ and permeability μ′ in the transformation space can be given by ε′ = AεA T / det(A), μ′ = AμA T / det(A), where ε, μ are the permittivity and permeability of the free space, respectively. A is the Jacobian matrix characterized the geometrical variations between the free space and transformation space. Thus, the diagonal elements of the metamaterial parameters matrix can be expressed in cylindrical coordinates as ε r ′ = n, ε θ ′ = 1/n, and μ z ′ = n. All off-diagonal elements are zero. Inserting the material parameters into Maxwell's equations, the magnetic field in region ii can be written as The field distribution in region ii can be obtained by applying the boundary conditions at r = R 1 and r = R 2 . The tangential components of the magnetic field (H z ) and the electric field (E θ ) at the boundaries must be continuous. Accordingly, we have a set of four equations: 
Here, the symbol (′) denotes differentiation with respect to the radial coordinate r. The constants A, B, C, and D can be determined by solving the four equations above. The electromagnetic field in each region can be determined by substituting the constants (A, B, C, and D) into Eqs. (2)-(4) . Therefore, the azimuthal component of the linear momentum density can be expressed as: 
where μ′ = μ 0 μ z ′ is the absolute permeability of the transformation medium in region ii. Because the light propagates only in the xy-plane, the linear momentum along the z-direction is zero (i.e., P z = 0). Inserting Eq. (6) into J = r × P, the angular momentum density j carried by the circulating light in region ii can be written as [35, 36] :
The total OAM of the cavity modes in the metamaterial ring is easily obtained by intergrating the angular momentum density over the area of the ring for this case. Equation (7) states that the OAM of light not only depends on the angular frequency ω, but also depends on the transformation scale (n) of the azimuthal coordinate. Furthermore, the orbital angular momentum only exists in the z direction (i.e., j x = 0, j y = 0, j z ≠ 0) perpendicular to the momentum due to the circulating light propagated in the xy-plane. It is the reason that the OAM of the modes in the metamaterial ring is transverse one.
Numerical results and discussion
In order to present the cavity modes with the transverse optical OAM in the metamaterial ring, we performed full-wave simulations using the commercial software COMSOL MULTIPHYSICS for the TM-polarized incident plane wave. The inner radius and outer radius of the transformed ring region are R 1 = 0.5m and R 2 = 1m, respectively. Without loss of generality, the transformation scale n in the azimuthal coordinate transformation is set as 10. The permittivity and permeability distributions of the metamaterial ring in the Cartesian coordinates are shown in Figs. 2(a) and 2(b), respectively. It is easy to see that the permittivity distribution shows space variation from 0.1 to 10, whereas the permeability remains constant at μ z ′ = 10 in the ring region ii.
In order to determine the frequency of the circulating light that propagates inside the metamaterial ring, we first calculated the normalized extinction cross-section (the extinction cross-section normalizes to the 2R 2 ) of the ring as a function of the frequency of the TMpolarized incident light in Fig. 3 for n = 10. A series of discrete peaks emerge in the extinction spectrum, corresponding to the frequencies that satisfy the resonance condition of the metamaterial ring. That is to say, the light is effectively confined in the metamaterial ring and the modes with a certain OAM of light is presented at the resonant frequency as a result of constructive interference. When the frequency is non-resonant, the circulating light is not maintained in the ring owing to destructive interference. This property is similar to that of traditional optical micro-ring cavities. However, this mechanism by which stable, circulating light is generated in the metamaterial ring is different from that of the micro-ring cavity. It is well known that circulating light is generated in the cavity owing to the total internal reflection at the interface between the two materials. However, the reason that the metamaterial ring generates circulating light concerns the continuous refraction that results from the anisotropic and inhomogeneous material distribution as Fig. 2 . For the sake of simplicity, we only show the five resonant peaks that correspond to the angular momentum indices m νii = 1, m νii = 2, m νii = 3, m νii = 4, and m νii = 5 for the resonant frequencies f = 3.3 × 10 7 Hz, f = 4.75 × 10 7 Hz, f = 6.02 × 10 7 Hz, f = 7.085 × 10 7 Hz, and f = 8.06 × 10 7 Hz in Fig.  3 , respectively. As indicated above, we obtained the resonant frequencies of the circulating light in the metamaterial ring by calculating the normalized extinction cross-section. Next, we show the magnetic field distribution and phase profile of the resonant modes corresponding to the angular momentum indices m νii = 1, m νii = 2, m νii = 3, and m νii = 4 for n = 10 in Figs. 4(a1)-4(d1) and Figs. 4(a2)-4(d2) . Obviously, the field distribution and the phase profile of the Figs. 4(a1) and 4(a2) indicate that the optical path length in the metamaterial ring corresponds to a wavelength of circulating light with a frequency of f = 3.3 × 10 7 Hz. That is to say, the light can stably propagate in the ring and possess the OAM with m νii = 1 at this resonant frequency. Particularly, this wavelength is more than nine times larger than the outer radius of the ring for m νii = 1. Thus the dimension of the metamaterial ring is subwavelength scale. If the frequency is tuned to f = 4.75 × 10 7 Hz, the wavelength of the resonant light becomes small, two wavelengths of the light can be accommodated in the ring and present the modes with the OAM with m νii = 2, as shown in Figs. 4(b1) and 4(b2) . Similarly, the field distribution of the sextupole-like and octupole-like are shown in Figs. 4(c1) and 4(d1) for f = 6.02 × 10 7 Hz and f = 8.06 × 10 7 Hz, respectively. In addition, the results can be confirmed from the phase profiles of modes with m νii = 3, and m νii = 4 in Figs. 4(c2) and 4(d2). In fact, the field increasing transformation scale. This leads to the conclusion that magnitude of the OAM depends on the transformation scale n, which is consistent with Eq. (7). We have presented the cavity modes with transverse OAM in the metamaterial ring. However, energy dissipation inevitably reduces the field amplitude of the modes with the optical OAM in the metamaterial ring. Thus, the confined electromagnetic energy and the Q factor of the modes are analyzed in order to evaluate the stability of the transverse OAM.
The electromagnetic energy confined inside the metamaterial ring is easily obtained by intergrating the electromagnetic energy density over the area of the ring. Figure 6 shows the confined electromagnetic energy in the metamaterial ring as a function of the frequency for n = 10, n = 15, n = 20. When the transformation scale is set to n = 10, there are three peaks in the energy curve corresponding to the indices m νii = 1, m νii = 2, and m νii = 3 for the frequency span from f = 1 × 10 7 Hz to f = 7 × 10 7 Hz as shown in Fig. 6(a) . Obviously, the width and magnitude of the peak corresponding to m νii = 3 are narrower and larger, respectively, compared with the left two peaks. That is to say, more energy of the circulating light propagating in the ring is lossed for the lower resonant frequencies. Generally, the energy dissipation can be attributed to radiation from the resonant modes, scattering related to roughness of the fabricated device, and absorption in the material as the whispering gallery mode in the microdisks [38] . In our system, the energy dissipation mainly results from the radiation losses of the resonant modes. For the metamaterial ring with n = 15, it can be seen that more peaks emerge in the energy curve. Comparing the Figs. 6(a) and 6(b), the peaks corresponding to the angular momentum indices m νii = 1, m νii = 2, and m νii = 3 distinctly redshift. The peaks located at f = 5.67 × 10 7 Hz and f = 6.55 × 10 7 Hz in Fig. 6(b) originate from the redshift of the peaks with the higher frequencies for the case of n = 10 (The peaks are not shown in Fig. 6(a) owing to the fact that the resonant frequencies go beyond the frequency range). Similarly, when we sequentially increase the transformation scale of the azimuthal angle to n = 20 as Fig. 6(c) , the peaks continue to red-shift as compared with the peaks presented in Fig. 6(b) , and two new peaks emerge in the energy curve. In particular, the peaks with the same index in Figs. 6(a)-6(c) exhibit slight changes. It is not difficult to find that the width and magnitude of the peak become narrow and large, respectively, for the large transformation scale. In other words, in this case the ring maintains particular OAM much better. In order to straightforwardly evaluate the stability of modes with the optical OAM in the ring, we also calculated the Q factor, which is usually defined as the temporal confinement of the energy normalized to the frequency of oscillation, as a function of the OAM index for n = 10, n = 15, and n = 20 in Fig. 7 . The Q factor becomes large with the increasing angular momentum index regardless of the transformation scale n. However, the Q factor for a large transformation scale is obviously higher than the Q factor for the small transformation scale for the same angular momentum index. For the index m νii = 7, although the wavelength of incident light is much larger than the diameter of the ring, the quality factor still exceeds 10 5 , regardless of the transformation scale n. The high Q factor indicates that the energy does not dissipate easily when the light propagates in the ring. That is to say, the modes with optical OAM can exist via the circulating light in the metamaterial ring.
Conclusions
In this work, we have presented a detailed study on the cavity modes with the transverse optical OAM in a metamaterial ring based on transformation optics. By means of theoretical analysis and numerical simulations, the results show that the transverse OAM of the cavity mode not only depends on the frequency of the incident light but also depends on the transformation scale of the azimuthal angle. Furthermore, we have also calculated the Q factor in order to evaluate the stability of the modes with the optical OAM in the metamaterial ring. It is demonstrated that the circulating light can be effectively confined in the ring with a high Q factor, thereby achieves the stable mode with optical OAM, even if the wavelength is larger than the diameter of ring. The technique for exploiting the modes with transverse OAM may have potential applications in the field of micro-manipulation.
